4

DIGITAL FILTERS

By definition, a digital filter is an algorithm that converts a sequence of numbers,
representing the input signal, into another sequence of numbers representing the
output signal, so that the input signal is amended according to the user requirements.

Digital filtering can be achieved in two ways: either using a specialized digital
equipment to achieve some function or by the help of a universal digital computer
which is able not only easily simulating the above mentioned digital equipment but also
of much complex operations.

4.1. CLASSIFICATION OF NUMERICAL FILTERS

The transfer function of a digital filter is the Z-transform of the filter's response to
the unit impulse. It can be expressed as:
> az”

h(z)=—=2 —— (4.1)

1+> bz

j=0
so the ratio of two polynomials in Z.
According to the form of the transfer function, the digital filters are classified as:
e Recursive filters, if at least one coefficient b, is not zero. These filters are also

called impulse response filters (I1IR).
o Non-recursive filters, if all coefficients b, are zero. These filters are also called

finite impulse response filters (FIR).
FIR filters are stable and doesn't oscillate. IIR filters have to be analyzed in terms of
stability because they can be unstable.

4.2. BI-DIMENSIONAL SIGNALS

The interest in using digital filters has gained greater scope of applicability because
of their wide applicability range. The generalization of one-dimensional filter is a two-
dimensional filter. Such filters are used in processing the geophysical seismic records,
gravity and magnetic data, as well as for photo technique in improving the
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photographic data (e.g. in weather photos), aerial photography and medical X-rays,
ultrasound and tomography.

Digital filters are conveniently described using both one-dimensional and bi-
dimensional Z-transform for one-dimensional and bi-dimensional filters, respectively.
Extended one-dimensional technique can be conveniently done in case of recursive
filtering. In this technique the filtering algorithm uses as input values the previously
computed output values. The one-dimensional recursive filtering often proved itself
more efficient than pure time-convolution and or frequency domain filtering. Therefore
the research of recursive bi-dimensional filters is indeed a priority.

Two issues in the two-dimensional recursive filtering problems are stability and
synthesis. As part of the output values using the recursive algorithm is possible that
output values is likely to become largely independent of the size of input values. Such a
filter is unstable. Therefore we want to know what constraints are imposed recursive
filter coefficients such as filtering operation is stable. This chapter will include
algorithms for digital filters' stability test.

A continuous two-dimensional signal can be mathematically modeled by a function
of two variables, Xa(t,,t,), so that the following identity stands:

Xa==R (or C) (4.2)

More often the variables t; ,t, are of a spatial type, therefore they are bi-

dimensional spatially continuous, and if the signals' values are real then they are called
analogue variables. For example, the two-dimensional rectangular pulse signal is
defined by:

1, for|t |<a,|t, [<b

] (4.3)
0, otherwise

drept,, (t, 1) = {

A discrete two-dimensional signal can be mathematically modeled by a two-
variables function X(n,,n,), with n;,n, € N,Z, so that:
X:Zx Z ==R(or C) (4.4)

If the signal values are quantized and coded then the two-dimensional signal is an
ordered (finite) sequence of numbers in NxN or ZxZ, called a 2-D sequence. A single
item in a 2-D sequence will be referred to as a sample of the two-dimensional signal,

computed for the point (n ,n,).
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X(nl, ny)

Te]

Fig. 4.1. - Representation model of a 2D sequence.

The 2D unit-impulse sequence is defined as:
L, n=n,=0

o(n,n,) = 4.5
(n,,n,) {0, n=0,n,#0 (45)

Fig. 4.2. - The bi-dimensional unit-impulse.

4.21. THE BI-DIMENSIONAL Z-TRANSFORM

The two-dimensional Z-transform is defined by:

+00

X(2,,2,) = Zyp X(,N,) f = D Zm:x(nl,nz)zl’”lz;”2 (4.6)

n1 =—00 n2 =—00

and its reverse transform is:
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1 o
f{x (2,202 2 dy,dz, @)

x(ny,n,) = ZZ_I13 {X (z,, Zz)}: (2x 1)2

Notes:
1. Because z, and z, are complex variables, asin z, =X, + Jy, andz, =X, +]Jy,,
it follows that X(z,,z,) is defined in a four dimensional (!) space.
2. Sometimes the forward Z Transform is defined as a Taylor series.
3. The transform X(z,,z,) is defined in the region of convergence (RdC), in which
the uniform convergence of the series is ensured, so that:
viz, =ren(jo).z, =1, ep(jo)}
it follows that)_ >, ™r,™x*(n,,n,) |< o (4.8)

no N

It is noted that:
a) Rdc is a range that does not contain the poles of the function X(z,, z,);

b) x(n,,n,) represents a 2-D sequence which is stable if the RdC domain of its
transform X(z,, z,) also includes the unitary surface defined by:

{z, =1z, =1}

4. The outlines C, and C, in the definition of the Z transform are included in the

RdC. Thus they are closed outlines that surround (in a trigonometric way) the
origin within the planz, ,, given any z,, located on the outline C, ;.

5. If RdC attached to the two-dimensional Z transform X(z,,z,) contains the unit
circle  then one can choose C,:z, =e¢*w® €(027)  and
C,:z,=¢' w, €(0,27). In such a case the relationship between the Z-
dimensional Fourier transforms gives us that:

X(2112) |, _yin , e > X (€', €7 )= Fyp {x(ny, 1)} (4.9)

X(z,,2,)| e, = X(Ky k) =TFD{X(N,,n,)p (4.10)

2
N N
z;=e "1 z,=e "2

4.2.2. THE TRANSFER FUNCTION OF THE RECURSIVE FILTERS

The transfer function for one-dimensional digital filters is given as the ratio of two
polynomials depending on z. The denominator's degree is greater than the numerator’s
and, besides that, the numerator has a constant term.
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iaiz‘i
F(z)= g((:)) = (4.11)

> bz’
i=0

As for the two-dimensional digital filters, their transfer function is also given as a
ratio. Both the numerator and the denominator are two-variable polynomials,

depending on z, and z,, provided that:

— the denominator's degree is less than the numerator's, and

— the denominator have a constant term.
Ma Na

i
AGz,) HNE

i=L j=1

F(z,,z,)= B(2..2,) =N (4.12)
D) Y RIS
k=1 I=1
For two-dimensional filters the two-variable polynomials can also be put under the
following form:

Ay A, Q3 . alNa 1
1
a21 a22 a23 a2Na Z2
1.2 M,-1 2
A(zl,22)=[1z1 Z; .. 7 ]* Ay 8y Ay - By, |75 (4.13)
N,-1
_aMalaMaZ aMa3 aMaNa_ _Zz |

This is the bi-dimensional Z transform for a matrix MxN,. The polynomial has
positive powers for the z variables and their coefficients have positive indexes.

4.3. THE COMPUTATION OF A NUMERICAL FILTER'S RESPONSE

Calculation of filter response both dimensional and two-dimensional numerical for
a given input signal is calculated from the product filter transfer function with input.

43.1. NUMERICAL COMPUTATION OF THE RESPONSE FOR THE
RECURSIVE ONE-DIMENSIONAL DIGITAL FILTERS

Let us consider the signal in (4.14) as input for a 1D digital filter having the transfer
function as in (4.11):
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Ng
D(z) =) d, 2z (4.14)
k=0
Then the filter's response is:
R(z) =F(z)D(z) = AR) (4.15)
B(2)
We are going to norm the filter's transfer function:
I TR P S Ay, 7N
b, b b b
F(z)=—— ° : i (4.16)
14 Lzt 2724 Mg
0 0 bO

Given that Nr is the number of output sequences we're interested in, the formula
(4.14) becomes:

-1 -2 -N,
o+ 27 41,27 4412

= (@, +az  +a,z 7 +..+ay 2 ) (dy +d, 27+

dyz?+.+dy 27%) = (p+nzt + 277 4y 27V )bz + b,z (4.17)
+by, z7™)
or:
N, . Ny .
r :Zozaidp_i _Z;birp-l' (4.18)
1= J=

The output sequences can be in any number. That is why these filters are also called
uni-dimensional infinite response filters (IIR). The values for the r sequences are
previously computed. Furthermore, the sequences having o or negative indexes will be
void (zero).

4.3.2. NUMERICAL COMPUTATION OF THE RESPONSE FOR THE
RECURSIVE TWO-DIMENSIONAL DIGITAL FILTERS

Having a matrix of input data D(z,,z, ) then the filter's output is:
R(le 22) = F(Zl’ Zz)D(Zlizz) (4.19)
or:
B(Zl’ Zz)R(Zl’Zz) = A(Zlizz)D(lezz) (4.20)
Expanding the polynomials' expressions by the formula in (4.12) and normalizing
the transfer function's denominator one can have the following:

Mh Nb Ma Na i R
1+, bzi"2;)R(z,2,) = (1+ DD 2;2,'21)D(2,,2,) (4.21)

k=1 1=1 i=1 j=1
k£l
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where:
Ly
a;=—
bll
b, = by (4.22)
bll
b, #0

Out of (4.21) the following recurrence formula is derived:

R(z,.2,) = &ia;jZJ'lzé‘l)D(zy Z,)- (MZZ buzi'z;)R(z,2,)  (4.23)

i=1l j=1 k=1 I=1
kl£1

For an output matrix of order (m,n) the algorithm for computing the sequences r,,
is deduced:

My Np M, N,
M = (Zzaijdm-i+l,n—j+l - (ZZ bklrm—k+1,n—l+1) (4.24)
i=1 j=1 k=1 I=1
kl£1
In (4.24) the values:r, .., ., have been previously computed. The values for

negative indexes will be void (equal to zero). One can observe that the number of
output sequences is arbitrary. That is why these filters are also called infinite response
filters (1IR).

4.3.2.1. Algorithm - The response of one-dimensional filters

Variables
{
Na: coefficient of the numerator's term having the greatest degree of z,
real;
Nb: coefficient of the denominator's term having the greatest degree of
z, real;
Nd: coefficient of the input signal's term having the greatest degree of
z, integer;
Nr: coefficient of the output signal's term having the greatest degree
of z, integer;
coefa: the coefficient of the numerator's polynomial, array;
coefb: the coefficient of the denominator's polynomial, array;
coefd: the coefficient of the input polynomial, array;
coefr: the coefficient of the output polynomial, array;
i, j, k, pq: counters, integer;
suml, sum2: sum variables, real;
coefaa, coefbb: coeficientii de la numdrator si numitor normati cu coefb
al termenului de grad 0;

if coefb1l=0 { put("Cannot compute the response"); stop;}
for i=0 to Na

coefaa; = coefa;/coefbs;
for j=0 to Nb
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coefbb; = coefb;/coefb,;
for k=0 to Nr
{ suml=0;

sum2=0;

for i=0 to Na
p=k-1;
if (p>=0)

compute suml = suml + coefaa;*coefdp;
for j=0 to Nb
q=k-J;
if (q>0 && jl= 0)
compute sum2 = sum2 + coefbbj*coefrq;
compute coefrk = suml-sum2;

43.2.11 Implementation of the Algorithm 4.3.2.1.

/* The function returns:
* ~> 0, if the filter's response cannot be computed
* ~> 1, if the filter's response can be computed.
*/

#include<stdio.h>

#include<conio.h>

#include<math.h>

#define N 20

int Rasp_fil uni

( int Na,
int Nb,
int Nd,
int Nz,
double coefa[],
double coefb[],
double coefd[],
double coefr|[]

AN

int 1,7j,k;

double suml,sum2,coefaa[N],coefbb[N];
if(coefb[0@]==0) return 0;

for(i=0; i<=Na; i++) coefaa[i]=coefa[i]/coefb[0];
for(j=0; j<=Nb; j++) coefbb[j]=coefb[j]/coefb[0];

for(k=0; k<=Nr; k++)

{
suml = 0;
for(i=0; i<=Na; i++)
if((k-1)>=0) suml += coefaa[i]*coefd[k-i];
sum2 = 0;
for(j=1; j<=Nb; j++)
if((k-j)>=0 ) sum2 += coefbb[j]*(coefr[k-jI);
coefr[k] = suml-sum2;
}
return 1;
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4.3.2.2. Algorithm - The response of two-dimensional filters
Variables
(
Ma,Na: indexes of the coefficients of the terms having the highest
degree in z for the transfer function's numerator, integer;
Mb,Nb: indexes of the coefficients of the terms having the highest
degree in z for the transfer function's denominator, integer;
Md,Nd: indexes of the term with the highest degree in z,
considering the input signal, integer;
Mr,Nr: indexes of the term with the highest degree in z,
considering the output signal, integer;
A: the coefficients of the numerator's polynomial, matrix;
B: the coefficients of the denominator's polynomial, matrix;
D: the coefficients of the input polynomial, matrix;
R: the coefficients of the output polynomial, matrix;
AA: numerator's coefficients divided by B11;
BB: denominator's coefficients divided by B11;
)
{
i, j, k, 1: counters, integers;
suml, sum2: sum variable, real;
{ if B11=0 { put("cannot compute the response"); stop;}
for i=1 to Ma
for j=1 to Na
AAij = Aij/B11;
for k=1 to Mb
for 1=1 to Nb
BBkl = Akl/B11;
for m=1 to Nr
for n=1 to Mr
{ suml = 0;
sum2 = 0;
for i=1 to Na
p=k-i+1;
if p<0@ print "It cannot be solved";
compute suml = suml + coefaaj*coefdp;
for j=1 to Nb
q=k-3j+1;
if( g<0) print "It cannot be solved";
compute sum2 = sum2 + coefbbj*coefrq;
compute coefry = suml-sum2;
}
}

43.2.21. Implementation of Algorithm 4.3.2.2

#include <conio.h>
#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#define N 40
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void Bidimensional Filter
( int Ma,
int Na,
int Mb,
int Nb,
int m,
int rn,
double A[][N],
double B[][N],
double D[][N],
double R[][N]

NN

int indi, indj, i, j, k, 1;

double suml,sum2,AA[N][N],BB[N][N];

for(indi=1; indi<=rm; indi++)
for(indj=1; indj<=rn; indj++)

suml = 0;
for(i=1; i<=Ma; i++)
for(j=1; j<=Na; j++)

AATi1[3] = A[i1[31/B[1]1[1];
if((indi-i+1>=1)88&(indj-j+1>=1)))
suml += AA[i][j]*D[indi-i+1][indj-j+1];
}
sum2 = 0;
for(k=1; k<=Mb; k++)
for(1l=1; 1<=Nb; 1++)
{ BB[k][1] = B[k][1]/B[1][1];
if((indi-k+1>=1)88&(indj-1+1>=1)&8&(k*1!=1))
sum2 += B[k][1]*R[indi-k+1][indj-1+1];

R[indi][indj] = suml-sum2;

}

4.4. EXAMPLES OF DIGITAL FILTERS (IIR)

1. Let us consider F(z) the transfer function of an one-dimensional filter. This
function is represented in (4.25).
1
F(z) = (4.25)

24z 4722478

We apply the signal given by D(z) at the input of this filter. D(z) is given in (4.26).
D(z)=1+2z"+z"7 (4.26)

We want to determine the first 15 samples of the output signal of the filter. Applying
the proper program to compute the response of the filter, for a given input signal, the
following samples of the filter's output signal are obtained:
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Table 4.1 - The samples of the filter's response, from 1 to 15
k 1 2 3 4 5 6 7
r[k] | ©.5000 0.7500 -0.1250 | -0.5625 | -0.0312 | ©.35937 | 0.11718

8 9 10 11 12 13 14 15
-0.2226 -0.1269 -0.1162 | 0.11669 -0.0529 -0.0899 0.01312 0.06491

r[k]

/ \ AT .
0 1 7* 6W910M131415 k

Fig. 4.3 - Graphical representation of the output signal for the filter having the transfer function
given in (4.25).

In order to establish the filter's stability we have to compute the filter's response to
an input given by the unit signal:
D(z)=1 (4.27)

Accordingly, the appropriate samples of the filter's response are presented in table
(4.2)

Table 4.2 - The samples of the filter's response, from 1 to 15
k 1 2 3 4 5 6 7
r[k] 0.50000 | -0.2500 | -0.1250 | -0.0625 | 0.21875 | -0.0156 | -0.0703

8 9 10 11 12 13 14 15
-0.0664 0.07617 0.03027 | -0.0200 -0.0432 0.01647 | ©0.02337 | 0.0016

The graphical representation of the filter's output can be seen in figure 4.4.
Analyzing the output samples' evolution on r[k] axis, one can see their evolution toward
0. From this evolution we deduce that the filter is stable.
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One can supplementary check the filter's stability by computing the poles of the
transfer function (the roots of the transfer function's denominator). If these poles are
placed within the unit circle in the z plane then the filter is stable. Using BAIRSTOW'S
method (see Chapter 2) one can determine the poles for any degree of the desired
polynomial.

We > get the following values:

z:' = 0.176605 + i*1.202821,
z,' = 0.176605 - i*1.202821,
z;t = -1.353211

It follows that the poles' distance computed toward the Z-plane’s origin, is less than
1. So, these poles are placed within the unit circle of the Z-plane. Consequently, the
filter is stable.

&

0.3

A /[\l\ ,fl_r‘“m -

i 5'/39 14 5

025

Fig. 4.4 - Graphical representation of the output signal for the filter having a transfer function given
by (4.25). The input is the unit-impulse signal.

2. For the filter having the following transfer function:

1
F(z) =
@) -06+6.5z2*-51z2+z2°

(4.28)

the unit impulse responses are given in Table 4.3.

Table 4.3 - The output samples from 1 to 8 of the filter given by (4.28)
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k 0 1 2 3
r[k] | -1.666666667 | -18.05555555 | -181.4351111 | -1814.85339
4 5 6 7 8
-18148.8052 | -181488.1955 | -1814882.028 | -18148820.32 | -181488203.2

If k grows, unlimited growth is observed for the filter's response samples. We
therefore conclude the filter's instability. The graphical representation of the filter's
response samples is given in Figure 4.5.

As before, by computing the poles of the filter's transfer function in (4.28), using
BAIRSTOW's method, we get the values below:

z,"=01 2, =2 2, =3

log(ir{k]|}

L .
a £ 2 3 =% 5§ €& F 8 9 ik

Fig. 4.5 -The graphical representation of the output signal for the filter having the transfer function
(4.28). The input is the unit-impulse signal.

Only two out of the three above computed poles relies within the unit circle in the Z-
plane (namely z, and z3). As a result, the filter is unstable.

3. Consider a two-dimensional filter with the following transfer function:
1 1
F(z,,z,)= = (4.29)
B(z,,2,) 12 6 1
Lz, 2210 5 *{ }
z
2 1| -7

The matrix D of the input signal is:
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(3111111111
1111111111
1111111111
1111111111
1111111111
1111111111
1111111111
1111111111
1111111111

1111111111 |

The two-dimensional filter's response is given in Table 4.4.

Table 4.4 - The elements of the response matrix, columns 1 to 10

0.2500 | -0.0417 0.1042 | 0.0312 | 0.0677 | 0.0495 | 0.0586 | 0.0540 | 0.0563 | 0.0552
-0.1250 0.0764 | -0.0243 | 0.0260 | 0.0009 | 0.0135 | 0.0072 | ©0.0103 | 0.0087 | 0.0095
0.1458 | -0.0150 0.0654 | 0.0252 | 0.0453 | 0.0352 | 0.0403 | ©0.0377 | ©0.0390 | 0.0384
-0.0174 0.0415 0.0121 | 0.0268 | 0.0194 | 0.0231 | 0.0212 | 0.0222 | 0.0217 | 0.0219
0.0735 0.0096 0.0416 | 0.0256 | 0.0336 | 0.0296 | ©0.0316 | ©0.0306 | 0.0311 | 0.0308
0.0250 0.0267 0.0259 | 0.0263 | 0.0261 | 0.0262 | 0.0261 | 0.0262 | 0.0262 | 0.0262
0.0503 0.0178 0.0340 | 0.0259 | 0.0300 | 0.0279 | ©0.0289 | 0.0284 | 0.0287 | 0.0286
0.0373 0.0224 0.0298 | 0.0261 | 0.0280 | 0.0270 | ©.0275 | 0.0273 | 0.0274 | 0.0273
0.0439 0.0200 0.0320 | 0.0260 | 0.0290 | 0.0275 | 0.0282 | ©0.0279 | 0.0281 | 0.0280
0.0405 0.0212 0.0309 | 0.0261 | 0.0285 | 0.0273 | 0.0276 | 0.0276 | 0.0277 | 0.0276

The graphical representation of the filter's response to the input signal D is given in
Figure 4.6. The input signal doesn't matter. The unit-impulse signal applied to the
filter's input can generate various output signals, according to its transfer function. If
the filter's output signal tends to a null signal, then the filter is stable. But if the output
signal's amplitude varies in a non-decreasing way then the filter is unstable.
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10 O n

m

Fig. 4.6 - The response of the two-dimensional filter. Its transfer function is given by (4.29).

In order to establish the stability of a filter with the following transfer function:

1 —0.04668 | |1

Lz] *

+0.04668 —0.46761| |z,
F(lezz) =
1 0.42602 | (1
Loz, *

0.42602 0.10692 | |z,

then the filter's response to a two-dimensional unit-impulse must be known.

(4.30)

The two-dimensional unit impulse is chosen with a 14x14 order, according to (4.31).
This is the choice since the samples of the filter's response form a 14x14 matrix.
The answer is given in Table 4.5.

[10000000000000 ]|
0ooo0o0000OO0QGO0OOOQOO
0o0oo00O000OO0QGOOOQOO
Uu=00000000000000O0 (4.31)
0ooo00O000OO0QGOOOQOO

0000000000000 0 |
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Table 4.5 - The response matrix elements; the columns from 1 to 14

Columns1to 7

1.0000 | -0.4727 | 0.2014 | -0.0858 | 0.0365 | -0.0156 | 0.0066
0.4727 | -0.1718 | 0.0379 | -0.0011 | -0.0059 | 0.0052 | -0.0034
0.2014 | ©.0379 | -0.0139 | 0.0024 | 0.0016 | -0.0023 | 0.0019
0.0858 | -0.0011 | 0.0024 | -0.0005 | -0.0007 | 0.0011 | -0.0010
0.0365 | -0.0059 | 0.0016 | -0.0007 | 0.0007 | -0.0007 | O.0006
0.0156 | ©0.0052 | -0.0023 | 0.0011 | -0.0007 | 0.0005 | -0.0004
0.0066 | -0.0034 0.0019 | -0.0010 0.0006 | -0.0004 0.0003
0.0028 | 0.0019 | -0.0013 0.0008 | -0.0005 0.0003 | -0.0002
0.0012 | -0.0010 | 0.0008 | -0.0005 0.0003 | -0.0002 | 0.0002
0.0005 0.0005 | -0.0004 | 0.0003 | -0.0002 0.0002 | -0.0001
0.0002 | -0.0003 0.0002 | -0.0002 0.0001 | -0.0001 0.0001
0.0001 0.0001 | -0.0001 0.0001 | -0.0001 0.0001 0.0000
0.0000 | -0.0001 0.0001 | -0.0001 0.0001 0.0000 0.0000
0.0000 | 0.0000 | 0.0000| 0.0000 | 0.0000 | 0.0000 | O.0000
Columns 8 to 14
-0.0028 | -0.0010 | -0.0005 0.0002 | -0.0001 0.0000 0.0000
0.0019 0.0008 0.0005 | -0.0003 0.0001 | -0.0001 0.0000
-0.0013 | -0.0005 | -0.0004 0.0002 | -0.0001 0.0001 0.0000
0.0008 | 0.0003 | 0.0003 | -0.0002 | 0.0001 | -0.0001 | O.0000
-0.0005 | -0.0002 | -0.0002 | 0.0001 | -0.0001 | 0.0001 | O.0000
0.0003 | 0.0002 | 0.0002 | -0.0001 | 0.0001 | 0.0000 | O.0000
-0.0002 | -0.0001 | -0.0001 0.0001 0.0000 0.0000 0.0000
0.0001 0.0001 0.0001 | -0.0001 0.0000 0.0000 0.0000
-0.0001 | -0.0001 | -0.0001 0.0000 0.0000 0.0000 0.0000
0.0001 | 0.0000| 0.0000| ©.0000 | 0.0000 | 0.0000 | O.0000
-0.0001 | 0.0000 | 0.0000| 0.0000| 0.0000 | 0.0000 | O.0000
0.0000 | 0.0000 | ©.0000| O0.0000 | 0.0000 | 0.0000 | O.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

The graphical representation of the two-dimensional filter's response to the input U
is given in figure 4.7.
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Fig. 4.7. - The graphical representation of the response for the filter having a transfer function given
by (4.20). The input is the unit-impulse signal.

Analyzing the filter's response we see it tends to zero. Thus we conclude that the
filter is stable.

4, Consider a two-dimensional filter with transfer function:

1 2|1
Lzl
3 4] |z,
= (4.32)
56| |1
Lz |
78] |z,
with the unit-impulse responses shown in table 4.6. There are 14x14 samples.
The graphical representation can be seen in the figure 4.8.

Table 4.6 - The elements of the response matrix; columns from 1 to 14
Columns 1to 7

0.0002 0.0002 | -0.0002 0.0002 | -0.0003 0.0003 | -0.0004
0.0003 | -0.0001 0.0002 | -0.0002 0.0003 | -0.0004 0.0005
-0.0004 0.0002 | -0.0003 0.0004 | -0.0005 0.0006 | -0.0008
0.0006 | -0.0003 0.0004 | -0.0006 0.0008 | -0.0011 0.0014
-0.0009 0.0005 | -0.0007 0.0010 | -0.0014 0.0018 | -0.0025
0.0012 | -0.0008 0.0011 | -0.0016 0.0022 | -0.0031 0.0042
-0.0017 0.0012 | -0.0017 0.0025 | -0.0036 0.0051 | -0.0071
0.0024 | -0.0018 0.0027 | -0.0040 0.0058 | -0.0083 0.0118
-0.0034 0.0027 | -0.0041 0.0062 | -0.0092 0.0134 | -0.0193
0.0047 | -0.0040 0.0063 | -0.0097 0.0146 | -0.0215 0.0314
-0.0066 0,0060 | -0.0097 0.0150 | -0.0229 0.0343 | -0.0507
0.0093 | -0.0090 | 0.0146 | -0.0231 0.0358 | -0.0543 0.0813
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-0.0130 | 0.0133 [ -0.0221 | 0.0355 | -0.0557 | 0.0856 | -0.1296
0.0181 | -0.0197 | 0.0332 | -0.0542 | 0.0862 | -0.1342 | 0.2055
Columns 8 to 14

0.0005 | -0,0006 | 0,0007 | -0.0008 | 0.0010 | -0.0012 | 0.0014
-0.0006 | 0.0007 | -0.0009 | 0.0012 | -0.0015 | 0.0018 | -0.0023

0.0011 | -0.0014 | 0.0018 | -0.0023 | 0.0029 | -0.0037 | 0.0048
-0.0019 | 0.0025 | -0.0033 | 0.0043 | -0.0056 | 0.0073 | -0.0095

0.0034 | -0.0045 | 0.0060 | -0.0080 | 0.0105 | -0.0138 | 0.0182
-0.0058 | 0.0079 | -0.0107 | 0.0143 | -0.0192 | 0.0256 | -0.0340

0.0099 | -0.0136 | 0.0186 | -0.0254 | 0.0343 | -0.0463 | 0.0622
-0.0166 | 0.0231 | -0.0321 | 0.0442 | -0.0605 | 0.0826 | -0.1121

0.0275 | -0.0389 | 0.0546 | -0.0760 | 0.1053 | -0.1451 | 0.1989
-0.0453 | 0.0648 | -0.0919 | 0.1294 | -0.1811 | 0.2519 | -0.3486

0.0740 | -0.1071 | 0.1535 | -0.2183 | 0.3084 | -0.4330 | 0.6046
-0.1201 | 0.1755 | -0.2542 | 0.3651 | -0.5206 | 0.7375 | -1.0387

0.1936 | -0.2859 | 0.4181 | -0.6062 | 0.8721 | -1.2461 | 1.7694
-0.3101 | 0.4629 | -0.6834 | 0.9998 | -1.4508 | 2.0901 | -2.9915
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Fig. 4.8. - The graphical representation of the response for the filter having a transfer function given
by (4.32). The input is the unit-impulse signal.

By analyzing either the table or the representation in figure 4.8 we can see that the
samples grow as m and n grow. Therefore the filter is unstable.
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4.5. APPLICATIONS

1. Determine the response for the filter having a transfer function given by:
1+2z7

8+14z +7z%+72°

F(z) =

having an input signal:

D(z) =1+3z"
Analyze the filter's stability using BAIRSTOW's method (in order to determine the
poles of the F(z)'s denominator polynomial). For details on BAIRSTOW method
please see Chapter 2 - Numerical resolution of the algebraic equations.

2. Devise the 10x10 matrix containing the response's samples of a two-dimensional
filter with the following transfer function:

1 —0.04668 || 1
[ z]
—0.04668 —0.46761 | z,
1 0.42602 |1
[ z]
0.42602 0.10692 | z,
1 2.1
[ z]* *
34 |z,
01 02| |1
Lz *
0.7 03] |z,
3. Devise an 8x8 matrix containing the response's samples of a two-dimensional

filter with the transfer function given by:
F(Zl’ Zz) =

F(lezz):

having as the input signal:

D(z,,2,) =

1
1-3z, -3z, +52,2,
Consider the unit-impulse as input signal.




