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NUMERICAL DIFFERENTIATION *

Many technical problems need to use the derivative of a sampled signal
for some point. Also, the results of electronic experiments are given as a
tabular function, i.e. u= f(i), i=g(u) and so on. The computation of such
derivatives gives us information on some circuit’s characteristic. For instance,
we could be interested in the dynamic resistance or its inverse. Such
information all require the numerical methods approach.

The differentiation’s existing computational methods can also apply for
the functions whose analytical expression is known, the result being in fact
the value of the slope of the tangent line in some abscissa to the curve
variation of a function.

5.1.  NUMERICAL DIFFERENTIATION USING TWO
POINTS

By definition, if it exists, the derivative of the function f(x) in some

abscissa X, is:
. f(x, +AX)— f(x,)
1 _ 0 0
t1(x)= lim ~ (5.1)
For a small value of A, the following expression:
f (%, +AX)— f(x,)
AX

can approximate pretty well the first order derivative for the given function in
Xo, T'(Xo). The value of AX can also be negative. In that case the first order
derivative of the function f(X) can be expressed as:
D = f(%-8)- (%) (5.3)
-AX
In the draw 5.1 we can see that, passing to limit for Ax — 0 both chords
PQ and QR of the function’s variation, become tangents to the curve for x,. If

D* = (5.2)

we now consider the PR chord we can say that its approximation for the first
derivative is better than D" and D above. Indeed, we can write:

*) Bibliography: [6], [7], [15]
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£ () f (% +4%)— f (%, —Ax) _ D" +D’ (5.4)
2AX 2
If we denote 2AX = h, then the final formula for the derivative using two
points is given by:
h h
f(x0 +2)— f(x0 —2)
f‘(XO)z h (5-5)

Just because we have here only two points, having the coordinates (xo-h/2,
f(xo-h/2)) and (xoth/2, f(xoth/2)) respectively, we denominate this formula
differentiation of some given function f(x) using two points.

If we want to compute high order derivatives for f(x) we can use (5.5) for

f (x). In order to grasp the concept we will give below the full computation
both for the 2" and 3™ order derivatives.

y

y="f(x)

» X
Fig.5.1. - The diagrammatic of the f(x)’s
first order derivative in some point Q.

) f'(x0+2j— f'(x0 —2)

_ fxg+h)=2(x,)+ f(x,—h)

£ h)- f(xo)—hf (%, )+  (x, —h) h* 50)
e
o e
0 h
i f[x0 +2hj—2f[x0 +2j+ f[x0 —2j+ f[x0 +2j+2f[x0 —2)— f[x0 —ghj
e
el 2 o

In such a way we get any high-order derivative of some function.
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5.1 THE TRUNCATION ERROR FOR THE DERIVATIVE USING TWO
POINTS

We use the Taylor’'s expansion for the f(x) function around some
neighborhood of X, retaining only the first three terms of the series:

£ (¢, ) %o Y ey (5.8)

f(x)=f(x0)+%f'(x0)+M R

2!
where ¢£¢(x,x,]- We replace X =X, +% into the previous series of f(x) (5.8)
and we get:
2 h3

f(x0+9 = 1))+ 1 (1) +11 (r) 2 () (5.9)

where ¢ ¢ |:X01X0 +2}

. h . .
Then we substitute X =X, 5 into the same series of f(x) (5.8):

2 3

00 = 100)~ 21 () 17 ) 7 (&) (5.10)

where ¢, E{Xo_glxo] By subtracting (5.9) from (5.10) member by member,

we have:
i f(s05) - 1(0-3) R @)
Fla)= h 24 2 B (5.11)
e
h 24

where ¢ |:X0 _%1)(0 +2}

Therefore, we can say that the truncation error for the second derivative

formula is:
2

er= % £(¢) (5.12)

h h
If we have |f"'(§)|< m for every x E[Xo 5% +5] then we can say that:

2

er< —-M
Y
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5.1.2. Algorithm5.1. Differentiation using two points

Variables

x0: the abscissa of the differentiation point, real;
h: the neighborhood of x0, real;
der: the derivative’s value, real;

org)- (2

fl X, += |- f| X —=

compute der = 2 2 :
h

print "The derivative is" der;

5.1.3. Implementation for Algorithm 5.1

/* The function that implements the derivative using two
* points. It returns the derivative’s value.

*/

double Derivative2P

double (*pf)(double), /*A pointer to a function preserves

the
routine®s generality */
double x0,
double h
)
{
return (pf(x0+0.5*h)-pF(x0-0.5*n))/h;
}

Implementation note:

In the implementation of the differentiation algorithms we used a function
pointer, pf. Its declaration is based on the desired function's domain and co-
domain. By doing like this we are increasing the method's generality, thus
offering its possibility to qualify as a library routine.

5.2. NUMERICAL DIFFERENTIATION USING THREE
POINTS

In this case we will deal with three points: the X, itself and two of its
neighborhoods, one at the left (x,-h;) and the second at the right (xothy), all
along with their corresponding ordinates. We will denominate this technique
differentiation using three points.
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We will find the first order derivative for f(x) in X, as a linear combination
of the ordinates for the three points we’ve considered:
f'(x,)=af (x, —h, )+bf (x,)+cf (x, +h,) (5.13)
where X,, h;, and h; are all known at input, whereas a,b,c are the unknowns
we are going to find out. These unknowns can be computed by imposing
(5.13) to be true for all f(x) being polynomials of degree in range [0, 2].
Therefore, firstly we chose f(x) as a constant polynomial:
f(x)=c=f (x)=0,f (X,)=0, In this case (5.13) becomes:

O=a+b+c, (5.14)
For f(x)=(x-x%,)=f (x)=1f(x,)=1 we have:
1=-ha+0b+h,c (5.15)

and, finally, considering f(x) a second degree polynomial
f(x)=(x=%,) =f (x)=2(x-x,),f (x,)=0 we get, from (5.13):

0=h’a+0b+h’c (5.16)
The three relations above grouped together gives a linear set in a, b and c.
Since h;, h, > 0 and the system’s determinant A =h; h, (h; +h; )#0, the given
set has unique solution. By solving this linear system we get the unknowns’
computation relations as below:

2
ac My hob N (5.17)
hl(h1+h2) hth(h1+h2) hZ(h1+h2)
Consequently, the first order derivative of some function f(x) using three

points is:

fl(xo ) ~ h12 f (Xo + h2)+(h22 _h12)f (Xo)_ hz2 f (Xo _hl) (5.18)
hyh,(h, +h,)
which gives a void truncation error for constant, linear and quadratic functions
(in terms of polynomials).
If h,=h,=h/2 we get the formula for the first order derivative using two
points.

5.21. THE TRUNCATION ERROR FOR THE DERIVATIVE USING
THREE POINTS

For functions that have a Taylor expansion that goes beyond the third
term, so beyond a second degree polynomial, the truncation error comes up
from the f(X)’s TAYLOR expansion itself:

f(x) = f(xo)+%f'(xo)+%f'(xo)+% £(8) (5.19)

where & e[ X,X,] .
By substituting x=x,-h; and x = x, —h, into (5.19) we have, respectively:
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h2

f(% ~h) = f(xo)+% o)+ (xo)—% (&) (5.20)

where we assume that there exists Sz so that ¢ <[x,-h,x, ], and:
2 3
f(% +h,) = f(xo)+% f'(xo)+% ¢ (xo)+% () (5.21)

where we also assume that exists some $2 so that 62 € [xo,x0+h2]_
We multiply (5.20) by -h? and (5.21) by h? and sum up. We get:

f'(XO)z h1 f(Xo +h2)+(hz _hl )f(XO)_hz f(Xo _h1)_ h1h2h )[hzf(§1)+h1f(§2):| (522)

h1h2 (hl +h2) 6 (hl +
Thus, the truncation error is given by:
h,h,
e =—22 _lh f"(&)+hf (5.23)
T 6 (hl +h2)[ 2 (ffl) 1 (52)]

And, if ‘f (xj< M for every xc|x,-h x,+h,| then we can say that the
truncating error is less than:

e <

LY (5.24)
6

5.2.2. Algorithm 5.2. The derivative using three points

Variables

x0: the abscissa where the derivative is to be computed, real;
hl: left neighborhood related to X0, real;

h2: right neighborhood related to X0, real;

der: the derivative"s value, real;

)

{

compute der = ( h1*h1*f(x0+h2)+
(h2*h2-h1*h1)*f(x0)-
h2*h2*f(x0-h1) )/(h1*h2*(h1+h2));

}

5.2.3. Implementation of Algorithm 5.2

/* The function that implements the derivative using
* three points.
* It returns the derivative"s value

*/

double Derivata3P

¢ double (*pf) (double),
double x0,
double hil,
double h2

=\
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return (h1*h1*pf(x0+h2) + (h2*h2-h1*h1)*pf(x0)-h2*h2*pF(x0-hl))
/ (h1*h2*(h1+h2));
}

5.3. NUMERICAL DIFFERENTIATION USING FIVE
POINTS

In order to determine the computational formula we will choose five
points, equally spaced regarding the central point, X,, in which the derivative
is going to be computed. So, our choice is:

Xo — 2h, Xg — h, Xg, Xo + h, Xy + 2h (5.25)

We seek a dependency of the following kind:

'((%o) = af (% — 2N )+ bf (x — h) + cf (xo) + df (xg+h)+ef (x, +2h | (5.26)

The unknownsa, b, c, d, e, can be determined if we consider f (x) being a
constant, linear, quadratic, cubic and 4 degree function, successively.
Thereby, if f(x)=c= f (x)=0, f (x,) = 0. Relation (5.26) subsequently becomes:

O=a+b+c+d+e (5.27)

Then, iff(x)=x-x,=f (x)=1 f(x)=1. Relation (5.26) subsequently

becomes:
1=-2ha—hb+0c+ hd + 2he (5.28)

If f(x)=(x—%) = f (xX)=2(x—%,), f (x,)=0. Relation (5.26) subsequently
becomes:

0 = 4h%a + h?b+ Oc + hd + 4h’%e (5.29)

For f(x)=(x—x,)® = f (x) =3(x—x,)% f (x,)=0. Relation (5.26) subsequently
becomes:

0= -8h% - h®+0c+ h3d +8h% (5.30)

Finally, if f(x)=(x—x,)*= f (x)=4(x—x,), f (x,)=0. Relation (5.26)

subsequently becomes:
0=16h*a+h*b+0c+h*d +16h%e (5.31)

The determinant of the system constructed based on the equations (5.27),
(5.28), (5.29), (5.30), (5.31) is: A= 144h" =0 because h >0. As a result the
given system is determined and has unique solution:

a=12h° b=-96h° c=0,d =96h° e =-12h° (5.32)
The final computational formula for the derivative using five points is:
f'(xy) = ﬁ[f(xo —2h)—-8f(xo—h)+8f(xo+h)— f(x,—2h)] (5.33)

It was obtained by substituting the values for a, b, ¢, d and f from (5.32) into
(5.26). This formula has a null truncation error up to polynomial with degree
4. For functions that expand using a degree above 4 the truncation error is
computed in a similar manner as for the previous differentiation methods.
The final value is:
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24
e = ?h‘lf (é) (534)
having x e[x,—2h , X, +2h]

If the number of input points grows, the truncation error decreases
consequently.

5.3.1. Algorithm 5.3. The differentiation using five points

Variables

x0: the differentiation point, real;
h: the neighborhood, real;
der: the derivative"s value, real;

)
{
compute
der = (f(x,—2h)-8f(x, —h)+8f(x, +h)— f(x, —2h))/(12-h);
}
print "The derivative is" der;
}

5.3.2. IMPLEMENTATION OF ALGORITHM 5.3

/* The function that implements the differentiation using
* five points.
* The function returns the derivative®s value

*/
double Derivata5P( double (*pf)(double),
double x0,
double h
)
{
return

(pF(x0-2*h)-8*pf(x0-h)+8*pF(x0+h)-pF(x0+2*h))/(12*h);

5.4. DIFFERENTIATION FOR TABULATED FUNCTIONS

We know that only the continuous functions have a derivative. In real
situations we often see cases when a continuous function is given using
samples, and therefore we do not know its analytical expression. For such
cases we still can compute the tabulated function's derivative using the
program given below (see section 5.4.1). Because the samples do not necessary
have constant steps in-between them, we will use the derivative using three
points. In order for the final result to be as accurate as it can be, the sampling
step must be as small as it can. If not, the derivative's computation will have
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inherent errors (since the mathematical ‘neighborhood condition® will not be
met).

54.1. PROGRAM FOR THE DERIVATIVE FOR TABULATED
FUNCTIONS

#include <stdio.h>
#include <conio.h>
#include <math.h>

double Derfcnr( double hl,

double h2,

double f1,

double fO0,

double f2

)
{
return

(h1*h1*f2+(h2*h2-h1*h1)*f0-h2*h2*f1)/(h1*h2*(h1+h2);

3

int main(void)
double pasl,pas2,fcl,fco,fc2;

printf(“Give the left neighborhood); scanf(“%lf,&pasl);
printf(“Give the right neighborhood”); scanf(“%lf,&pas2);
printf(“Give the ordinate value associated with x0-h1);
scanf("% I ,&yl);

printf(“Give the ordinate value associated with x07);
scanf("%1¥",&y0);

printf(“Give the ordinate value associated with x0+h2);
scanf("% " ,&y2);

printf(""The derivative is %If\n”, Derfcnr(pasl,pas2,yl,y0,y2));

scanf(’%1f”’, &pasl);

return 0O; /* The conventional success convention is a
* return value of 0.
*/

5.5.  APPLICATIONS

1. Let us consider the function:
f(x) = 2-x2 -exp(x) +sin(3-x—12)
Compute the function's derivative forx=1.
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The function’s differentiation has been done using all the methods. The
results are:

e using two points with a neighborhood h=10"° =>
f (1) = 15628085

e using three points and neighborhoods h =10°;h, =1.5-10°
= f'(1)=15.628085
e using three points and neighborhood h=10"° = (1) =15.628085.

2. Given the tunnel diode's I-U characteristic in figure 5.2, compute the
dynamical resistance of the diode in the following points: A, B, C, D, E,
F,G H,IJ KL
In order to compute the diode's dynamical resistance in those points
we can use the program given in the section 5.4.1. This program meets
the problem's conditions, namely we do not know the analytical
expression that relies behind this graph. Using the graph, one can
compute the ordinates associated with some neighborhoods h;, and

h, , properly chosen for every point. These values are in Table 5.1.
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Fig.5.2. - Tunnel diode's graphical functionality.



Table 5.1.

) f, fo f, Derivative

A 0.2 0.3 0.7 0.1 0.2 0.223333
B 0.2 0.3 2.3 27 40 29.33333
C 0.2 0.2 40 50 77 92.53333
D 0.01 0.01 60 65 68 400.3333
E 70 oc

F 0.2 0.3 130 150 170 86.66667
G 0.2 0.3 190 200 240 83.33333
H 0.25 0.2 220 250 295 38.33333
1 0.1 0.1 250 275 300 500.8922
J 300 o

K 0.2 0.3 380 400 430 100.4356
L 0.2 3 440 450 470 56.34012




