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NUMERICAL RESOLUTION OF THE FIRST
ORDER DIFFERENTIAL EQUATIONS

In this chapter we deal with the computational methods for ordinary differential
equations, partial-derivatives equations and differential equations systems.

9.1 NUMERICAL COMPUTATION OF THE ORDINARY
FIRST-ORDER DIFFERENTIAL EQUATIONS

Let us consider the following type of equations:

y =f(xy) (9.1)
with the starting condition (called CAUCHY’s problem):
y(Xo) =Y (9.2)

The differential equation in (9.1) defines - in fact - a curve in the xOy plane.

For every point of this curve we know the derivative of the function f(x, y). The
equation is satisfied by a family of curves. Therefore (9.2) gives that curve in the

family which passes through a certain point, din plan (X, Y,). The analytical

solution of (9.1) is a dependency between y and X . The numerical methods help us
to compute points of the solution of the given equation.
A numerical solution for the equation can be obtained by starting with the

given point (X, Y,). If we substitute the given values into the differential
equation (9.1) we will always have the slope of the desired curve that passes
through this point. After computing the curve's slope for x, we advance onto this
slope with a sufficient small amount
y= f(X01YO)(X_Xo)+YO (9.3
If we consider the point (Yy,, X;) placed on that slope and the growing step h
that is the distance between the abscissas x; and X,, then we have the following
coordinates:
X, =X, +h and y, = f(x,,y,)h+VY, (9.4)
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So, we now have a new point that we can count on: (X;, Y, ). This is as close to
the solution's curve as long as h lowers. We repeat this computational device by
computing the slope for (X;,Y;), thus determining another point onto the slope

that passes through (X, Y, ). This new point has the abscissa X, =X, +h and its

corresponding ordinate is 'y, . Keeping the method going we end up by having a
set of line-segments that approximate the differential equation's effective solution
curvature.

Obviously, this line-segment approach of approximating the desired curvature
has inherent errors. Therefore, by plotting the point for every step, one can see
the considerable line-segments' bearing away from the real curve. This problem is
called the stability problem in solving a differential equation. We will have to find
such a method throughout which we should take into account the curvature of the
effective solution and therefore to keep the line-segment succession connected
with that.

There are two kinds of methods:

a) Direct methods for which the solution doesn't iterate. Here we use the
information that only one point of that curve gives us. Such methods
consist in solving these equations by using TAYLOR series. These are not
practical at all. The RUNGE-KUTTA class of methods demands a
considerable functions' evaluation, therefore their accuracy is difficult to
evaluate.

b) Indirect methods in which we can estimate the next point by fewer
estimations of the function. Conversely, such methods demand iterations
in order to reach a sufficiently precise value. These methods are based on
prediction-correction mechanisms that allow, in return, accuracy
estimation.

9.1.1 THE TAYLOR SERIES METHOD

This method offers the solution of every differential equation, but its
applicability is limited because of the solving difficulties. Nevertheless this
method is useful to compare it with the practical methods that will follow, so that
their order can be established.

We start by expanding Yy(X) in the neighborhood of X=X,

: y ) y(i)
Y(X)= Y + ym(x-xm)+2—T(x-xm) +eeq jml

yo(E) j+1
(J.Jr—l)! (x-x,,)

where y{ is the j™ order derivative of y(x) in x=X_,and X <&<X

(0%, +

(9.5)



Solving the first-order differential equations

Using X=X, +h above, we get:
. h? .
You = Ym + DY, +7ym 4+t

V) (i+1) _
y_—mh' erf‘“_—(g)h'+1 (9.6)
j! (j+L)
The last term in (9.6) gives us the truncation error. The precision increases as j
grows.

Yo = T (X0 ) 9.7
We now differentiate the function: y* = f(x, y). We will have:
y = f(xy), df(xy) dy _,

+f, - f 9.8
d x dy dx * 7 (3:8)
where f, :ﬂ and f, =ﬂ (9.9)
dx dy
Forx =X, in (9.8) we get:
Yo =f, +f, - f (9.10)
If j =2 it results that:
,
Yner = Y + 1Y, +h7y'n'n 2 6(5) h’ (9.11)
or, equivalent:
Yoor =Y + h[ f+g(fx +f fy)} 9.12)
having a truncation error of:
. =yT(5)h3 (9.13)

Putting m = 0 in the equation (9.12) and using X, = X, +h in there we obtain
the value of y,, therefore a new point, (X;,y,). For m = 1 we will get the next

point (X,,Y,). Keeping this way, the points of the differential equations are

computed. Every new point has a corresponding truncation error. The bad thing
is that these errors grow in time. This method is classified as direct because, in

order to find outy, ., we only need y  and x_ . To lower the error we have to

grow the order of the terms in the TAYLOR series. For example, if we needed ym
then we should use the expression:
Yo = Fo+2ff, + £26  + f £ + f ] (9.14)
The derivatives' complexity in (9.14) leads us to conclude that this method is
practically unusable in practice.
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9.1.2. THE RUNGE-KUTTA METHODS

The RUNGE-KUTTA methods are defined by the following properties:
1. They are direct methods, thus, in order to compute y_., we only need the

information from the previous step: X, and Yy, .

2. They are equivalent with the Taylor series up to the terms in h”, where p
is typical to every method in this class. It is named as the method's order.

3. The methods in the RUNGE-KUTTA class do not need any derivative
evaluation of the given function but only the value of the function in some
point.

The third property qualifies them as practical methods.

The main issue is to evaluate the solution (which is obviously a function) in
several points. Geometrically speaking the problem consists in finding the

coordinates (X, ., ,Y,.;) based on (X_,Y,)and knowing that X ., =X, +h. We

m+1 !
will express the equation for the tangent line that passes through (X,,,Y, ). We
already know the slope of this straight line, y,,'. Therefore we have:

Y=Y + Yo (X Xp) (9.15)

where y. = f(x..y,) (9.16)

and Xy =X, +h (9.17)
Substituting (9.16) and (9.17) into (9.15) we get:

Xy =X, +0 (9.18)

and the deviation is given by the segment denote by e (see figure 9.1).
If in the Taylor series we take j = 1 then:

h? (9.19)

AN (4
ym+1:ym+hym+ 2( )

where X, <S< X, ., (9.20)
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Ym

Xm Xm+1

Fig .9.1. - Graphical depiction of Euler’s method in computing
the solution of a differential equation.

Comparing (9.19) and (9.20) we can conclude that the truncation error for this
method is:
_y (9
& T,

The formula in (9.19) represents the EULER’s method for solving the first order
differential equations. The higher the X the higher the truncation error of this
approach. This method is rather old and therefore it has an unacceptable
truncation error from a practical point of view.

h? (9.21)

9.1.2.1.  Algorithm 9.1. EULER’S method

Variables

x0: the starting point"s abscissa, real;

y0: the starting point"s ordinate, real;

h: step between two successive abSC|ssas real ;
the solution®™s ordinates, array;

the solution™s abscissas, array;

the number of events of the solution, integer;

)
{ x[0]= x0;  y[0]= yO;
for i = 0,1, n {
compute x[|]: X0+i*h;
compute y[i+1]= y[i]+ h*f( x[i-1],y[i-1]);

The numerical solution is given by the pairs (x[i],y[il).
where 1=0,1,2,...n;

S XK
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9.1.2.2. Implementation for Algorithm 9.1

/* The function that implements Euler®s algorithm for
* ordinary differential equations.

*/
void EulerED
( double(*f) (double x, double y),
double xO0,
double yO,
double step,
int nrp,
double sol[]
)
{
int i;
sol[0]=yO0;

for(i=1; i<=nrp; i++)
sol[i] = sol[i-1] + step*fF(x0+(i-1)*step,sol[i-1]);

9.1.3. THE RUNGE-KUTTA METHODS OF SECOND ORDER

These methods are classified as 2" just because they are equivalent with the
TAYLOR series up to the 2™ order terms.

9.1.3.1.  EULER’s improved method (based on slopes’ average)

This approach belongs to RUNGE-KUTTA 2" order methods. It is based on the
slopes’ average for (x,,y,) and (X,4, Yn4), Where X ., =X, +h
andy,., =Y, +hy,. ym is the ordinate value obtained out of the tangent-line’s
equation passing through the point M (see figure 9.2) and having a slope of
y. = f(x,,y,). Graphically speaking we show the method’s steps in the figure
9.2. We will compute the slope to that curve in the point H, which has the
coordinates (X, ,, Y, +hy. ). We get:

y .= f(xm+h,ym + hy'm) (9.22)
Then we compute the average between the slopes for point M and H. We will
denote it by:
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z, :%(f(xm,ym)+ f(xm+h,ym +hy'm)) (9.23)

i =

X

Xm Xm+1

Fig. 9.2. - Graphical computation for the solution using Euler’s improved method.

The straight-line having a slope of z_ is HT. Using the slope z 6 we can
construct the chord passing through M that intersects the vertical line built up for
X=X, - We will have the point having the coordinates (X,;, Y.,) that is the
second point of the numerical solution we are finding. The first point of the
solution we are looking for is (X,,, ¥,,). The equation for the ML chord follows:

Y=Y +05-(f(x,.yn)+ f(x+hy, +hy, x=x,) (9.24)

The point R, which represents the numerical solution of the given differential

equation, has an ordinate given by:

Yo=Y, +05-h- (f (XY )+ f(xm+h,ym +hy )) (9.25)

wherey, = f(x,.y, ).
The formula (9.25) gives us the general rule to compute the ordinates for every
numerical solution of some first order differential equation.

9.1.3.2.  THE PRECISION OF EULER'S IMPROVED METHOD

We expand f (X, y) intoa TAYLOR series:
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F (X Y) = T (X Vi) + (X=X ) s Vi) + (Y = Vi ) Fy (Ko Vi) +

ol o ) 2003 ) o )+ (90 £, (6 o)

(9.26)
where & elxx,] and n, €[y .y, ]
If we denote X=X, +h and y=y,_+h-y_,
having
Yo = (%0 Ym) (9.27)

then we have:
f(xm+h’ym + hym): f+hfx + hffy +%h2[fxx(§o ly0)+ Zﬁxy(go ly0)+ f2 fyy(go 1770)] (928)
of of

h f=f(x,¥n), fi="—"(X,, =X, 9.29
where CnoYndo £ = ) o Fy =2 (Xn¥n) (9:29)

Substituting 9.29 both into (9.23) and (9.24) it results in:
h h®
Y =Ym T h-{f+5(fx + ffy):|+7[fxy(§o 'y0)+ 21, (Eo.m0) + f? fyy(é:o :770)] (9.30)

with: &, €[x, X...] and 1, €[y, Vil
Thus, the following ordinate computational formula:
Y = Y +h-|f +05h(f, + ff, )] (9.31)

represents the portion from the second order TAYLOR expansion which gives us
the same formula as the RUNGE-KUTTA (9.25). It has the following truncation
error:

1
e =hS{yT@—Z[fxy(éo,nm2ffxy(5o,no)+ foW(éo,no)]} 932)
If we assume that f,, f , f and y  are below a given constant value, then

we can say that:
e, <k-h? (9.33)

9.1.3.1.1. Algorithm 9.2. EuLER's improved method

Variables
(
x0: the abscissa of the point that the solution®s graphic
passes through, real;
y0: the ordinate of the point that the solution®s graphic
passes through, real;
h: the constant step among any two adjacent abscissas, real;
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y: the numerical solution®s ordinates, array;
x: the numerical solution"s abscissas, array;
n: number of points we need for the solution, integer;

)

{
x[0]= xo0; y[0]= y0; h=const;
for i =1,...,n
{

compute x[i]= x[i -1]+i*h;
compute
yLi] = y[i-1] +
0.5*h*( Fx[i-1],y[i-1]) +
f(x[i-1]+h, y[i-1] + h*fx[i-1]1,y[i- 1]))

The solution is given by the pairs x[i], y[i], i=1,2,...n;
}

9.1.3.1.2.Implementation for the algorithm 9.2

/* The function that implements the Euler"s improved method. */
void EulerImp( double(*f)(double x, double y),
double xO0,
double yoO,
double step,
int nrp,
double sol[])
int i;
sol[0]=yO0;
for(i=1;i<=nrp;i++)
sol[i]=sol[i-1]+
0.5*step*
( F(x0+(i-1)*step, sol[i-1]) +

f(xO0+i*step, sol[i-1]+step*F(x0+(i-1)*step, sol[i-1]1))
):
}

9.1.3.2.EULER’s modified method (based on points’ average)

For this method, there is also an average, but this time we evaluate the slope
for a point whose coordinates consist of the average of two other points’ coordinates.

Let us consider the curve depicted in the figure 9.3, for which we know the
initial point for the curve (the problem of CAUCHY). What we want is to compute
the next point of the numerical solution. We start by constructing the tangent

line MT, that passes through the given point (X, Y,,), that can be as well known
as determined. On this tangent line relies the point H, with the coordinates ( X
ym+1)'

m+1?
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The tangent-line OT has the following equation:
Y=Y + F (X Y ) (X = %) (9.34)
By crossing (9.34) with the vertical line having an abscissa of x=Xx_ +h we
get the coordinates for the point H:
(X1 =X 15 Yy = Yo +0E (%50 Y5 )) (9.35)
This point is depicted in figure 9.3 below.

This method uses the average between the coordinates of the points M and H.
Thus we will have a new point, P:

P[xp=xm+g, yp:ym+gf(xm,ym)j (9.36)
Then we'll write the slope knowing P's coordinates:
zm=f[xm+g, ym+%f(xm,ym)j (9.37)

Now we can write the straight line equation that passes through M, having the
slope z,, from (9.37) and impose it to intersect the vertical line built up for:

Xy = X, +h
The straight line MN therefore has the equation below:
y:ym+f[xm+g, ym+gf(xm,ym)j(x—xm) (9.38)

By intersecting of (9.38) with the vertical line for X=X, = X,, + h we get the
following ordinate value:

nm=ym+hf@m+%,ym+gf@wy0j (9.39)

that represents the general computational formula of the ordinates the differential
equation's numerical solution consists of.
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o

Xm+1

Fig. 9.3 - Graphical depiction of the Euler’s modified method.

This method is equivalent with the TAYLOR 's expansion up to h?, therefore it
is a second order RUNGE-KUTTA method.

9.1.3.2.1.Algorithm 9.3. EuLER's modified method

Variables

X0: the abscissa of the initial point of the solution®s graph,
real ;
y0: the ordinate of the initial point of the solution®s graph,
real ;
h: the constant step among two adjacent abscissas, real

y: the ordinates of the numerical solution, array;
X: the abscissas of the numerical solution, array;
n: the number of point we need for the solution, integer;
)
{
x[0]= xo; y[0]= yO;
for i =1,...,n;
{
compute x[i] = x[i -1]+i*h;
compute y[i] = y[i-1] +
h*f(x[i-1]+0.5*%h, y[i-1]+0.5*h*F(x[i-1],y[i-1]);
}

Numerical solution consists of the pairs x[i], y[i], i=0,...n;

}
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9.1.3.2.2. Implementation for algorithm 9.3

/* Function that implements the Euler®s modified algorithm */
void EulerModif
(

double(*f) (double x, double y),

double xO0,

double yoO,

double step,

int n,

double sol[]

int i;
sol[0] = yO;
for(i=1; i<=n; i++)
sol[i] = sol[i-1] +
step*f(x0+(i-1)*step + 0.5*step,
sol[i-1] + 0.5*step*f(x0+(i-1)*step, sol[i-1]));

9.1.3.3. COMPARISON BETWEEN EULER'S IMPROVED AND
MODIFIED METHODS

Both methods are based on the same computational formula

Yo=Y, +h-u (9.40)
where u is one of the following slopes: z, or vy, . We can describe u as:
u:alf(xm’ym)+a2f(xm +b1h!ym +b2h)ym (941)

having y,, = f (X, Y,)-
1
If we choose a, =a, = E and b; = b, =1 then we have the slope z,, so EULER'S

improved method. Conversely, if we choose: a, =0,a, =1 and b, =b, =1/2 then
we have the v, slope, and that leads us to EULER'S modified method.

We will now expand f(X,y) based on TAYLOR series in the neighborhood of
(X.,, ¥,,)- This expansion is (9.26), in which O(h?) represents the residual value's
magnitude order. Take the following substitutions:

X=X, +bhand y=y_  +Db,hf
into (9.26), and you'll have:
f(x, +bh,y, +b,hf)=f +b hf, +b,hff, + 0o(h?) (9.42)

The expression for u, according to (9.41) becomes:
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u=a,f +a,f +a,bhf, +a,b,hff, +O0(h?) (9.43)

By replacing (9.42) and (9.43) into (9.39), the ordinates for the points
integrating into the desired solution of the given differential equation are:

Yo = Y + (@, +,) f +h(a,b, f, +a,b, ff )]+ 0(h?) (9.44)
If we compare (9.44) with the TAYLOR's series (9.30) then we have:
1
a, +a,=1; a,b =a,b, :E; (9.45)

Because we only have three equations but four unknowns, we will arbitrarily
choose one of them to be the independent value. We will then express the others
ones relative to that choice. For example, let's considera, =w. Then it follows
that:

a,=1-w,b=Db 1 (9.46)
1 L 2 2W
Finally, we will have in (9.44):

h h 3
Yo = Yo + h{(l—w)f(xm,ym)+wf(xm oYt o f(xm,ym)ﬂ+o(h ) (9.47)

The expression in (9.47) is what we wanted: the general computational

1
formula for the second order RUNGE-KUTTA methods. For W:E we have

EULER's improved method, whereas for w=1 the EULER's modified variant will
be available. The truncation error is given by:

e, ~k-h® (9.48)
Analogously, the 3" and 4™ order RUNGE-KUTTA methods can be devised.

9.1.4. FOURTH ORDER RUNGE-KUTTA METHOD

The formula of the numerical computation for the differential equation in (9.1)
is given below (see 9.49):

Xpe =X, +N
Yo = Y +%[k1 +2k, + 2k, + k4] (9.49)

where

h h
kK=f| x,, +=,Y, +=K 9.50
2 [m o I TS 1j (9.50)
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h h
kKe=f| X, +=,Y,+—=Kk
3 [m 2 y 2 2)

k,=f(x, +h,y, +hk,)

The truncation error here is:
e, ~k-h® (9.51)

Obviously this is lower than the one in (9.48) and that is what imposes this
method over EULER's variants studied before.

9.1.4.1. Algorithm 9.4.The 4™ order RUNGE-KUTTA method
Variables

X0 :abscisa punctului prin care trece solutia, real;

y0 : ordonata punctului prin care trece solutia, real;

h : pasul Tntre abscisele punctelor de calcul ale solutiei, real;
y : ordonatele solutiei numerice, vector;

X : abscisele solutiei numerice, vector;

n : numidrul de puncte Tn care se compute solutia, Tntreg;

)
{
x[0]= xo; y[0]= yO ;
for i = 0,1-n
{
compute x[i] = x0+i*h;
compute
k1 = f(xLil, y[iD:
compute
k2 = F(x[i]+0.5*%h, y[i]+ 0.5*h*k1);
compute
k3 = F(x[i]+0.5*%h, y[i]+ 0.5*h*k2);
compute
k4 = F(x[i]+0.5*%h, y[i]+ 0.5*h*k4);

compute Y., =Y, +%[k1 +2k, + 2k, + k4] ;

Numerical solution is given by the pairs x[i],y[i], i=0,1,2,...n

}
9.1.4.2. Implementation for the Algorithm 9.4

/* The function that implements the fourth order Runge-Kutta
* method for differential equations.
*/



Solving the first-order differential equations

void RK4(
double(*f) (double x, double y),
double xO0,
double yO,
double step,
int n,
double sol[])
it
int i;
double k1,k2,k3,k4;
sol[0]=x0;
for(i=1; i<=n; i++)
{
k1l = f(xO0+(i-1)*step,sol[i-1]);
k2 = fF(xO+(i-1)*step+0.5*step,sol[i-1]+0.5*step*kl);
k3 = F(x0+(i-1)*step+0.5*step,sol[i-1]+0.5*step*k2);
k4 = f(xO+i*step,sol[i-1]+step*k3);
sol[i] = sol[i-1]+step*(k1+2*k2+2*k3+k4)/6.0;
3
3
Conclusion:

We can conclude over the RUNGE-KUTTA's methods the following: they are
methods having high computational speed, and that is because in searching the
coordinates of the current point of the solution only the preceding point's data are
required. Their precision relates to the truncation error.

If we consider that for X =X, + h the exact value for the equation's solution is
Y., then using the Euler's classical method (which is a 1** order method) we will
have:
y. =yM 4+ kh? (9.52)
where yg‘) shows that Yy  is computed using the step h. We repeat the
computations for another step, h/2. We get the following:

Yo = Y0 )+ k(%} (9.53)
We will now impose (9.52) and (9.53) to be identical. It is possible if:
and for such a case the truncation error becomes:
e, ~kh? =%(y§n“’2) —y) (9.54)

By applying the second order RUNGE-KUTTA's methods we have:
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e, ~kh? zg(ygw) _y) (9.55)
The 4™ order RUNGE-KUTTA method has a truncation error given by:
e, ~kh? :%(ygﬂw _ym) (9.56)

which is computed by the same device as for the 1° order RUNGE-KUTTA'S
methods.

There are certain conditions in which the RUNGE-KUTTA's methods can have
very bad results even if the truncation-error and rounding-error are at a low level.
This is because these errors can increase directly proportionally with x. This
phenomenon is also known as 'partial instability'. Its author is D.F Mayers. For
the 4™ order methods, this instability is related to the differential equation itself,
the algorithm and the dimension of the interval.



